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Abstract 



We investigate the ?TT,-relative entropy, which stems from the Bregman diver- 
gence, on weighted Riemannian and Finsler manifolds. We prove that the displace- 
ment iT-convexity of the m-relative entropy is equivalent to the combination of the 
nonnegativity of the weighted Ricci curvature and the i^-convexity of the weight 
function. We use this to show appropriate variants of the Talagrand, HWI and the 
logarithmic Sobolev inequalities, as well as the concentration of measures. We also 
1 -Q ' prove that the gradient flow of the m-relative entropy produces a solution to the 

C^ ■ porous medium equation or the fast diffusion equation. 
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1 Introduction 

The displacement convexity of a functional on the space of probability measures was intro- 
duced in McCann's influential paper |Mcl] as the covexity along geodesies with respect to 
the L^-Wasserstein distance. Recent astonishing development of optimal transport theory 
reveals that the displacement convexity of entropy-type functionals plays important roles 
in the theory of partial diflerential equations, probability theory and diflerential geometry 
(see [AGSj . |Vil] . |Vi2j and the references therein). For instance, on a compact Rieman- 
nian manifold {M,g) equipped with the Riemannian volume measure vol^, the gradient 
flow of the relative entropy Entvoig (see (13.31) for deflnition) in the L^-Wasserstein space 
(V{M),W2) produces a weak solution to the heat equation ( [Ohlj . [GOj . [Vi2l Chap- 
ter 23]). Then the displacement i^-convexity of Entvoi for some K E "R (denoted by 
Hess Entvoi > K for short) implies the i^-contraction property 

W2{p{t,x,-)Yo\g,p{t,y,-)Yo\g) <e"^*d(x,y), x,y e M, 

of the heat kernel p : (0, 00) x M x M — > (0, 00) (and vice versa, [vRSj ) . where d 
is the Riemannian distance. The condition Hess Entvoi > -ft' is called the curvature- 
dimension condition CD{K, 00) and known to be equivalent to the lower Ricci curvature 
bound Ric > K ( [vRS] ) . There is a rich theory on general metric measure spaces satisfying 
CD (if, 00) ([St2], p72\ . jVi2l Part HI]). Especially, CD{K, 00) with iT > is an important 
condition which yields, among others, the logarithmic Sobolev inequality and the normal 
concentration of measures (a kind of large deviation principle). 

The curvature-dimension condition is generalized to CD(i^, A^) for each K & M. and 
A^ G (l,C)o], and then CD{K,N) is equivalent to the lower bound of the weighted Ricci 
curvature RIcat > K oi a weighted Riemannian manifold {M,u), where w is a conformal 
deformation of vol^ ( |St3j . [LVlj . see (12.11) for the deflnition of RIcat). However, CD(i^, N) 
with A^ < 00 is written as a simple convexity condition only when K = (and it causes 
some difliculties when K j^ 0, see |BSj ). Precisely, CD(0, A^) is deflned as the convexity of 
the Renyi entropy Sn (see (13.21) for deflnition), while CD(i^, A^) with K ^ is a more sub- 
tle inequality involving the integrand of Sn- Sturm has shown in |Stlt Theorem 1.7] that 
there are (by no means unique) functionals whose displacement /T-convexity is equivalent 
to the combination of Ric > K and dim < A^ for unweighted Riemannian manifolds, but 
it is unclear how this observation relates to CD(i^, A^). 

In this article, we introduce and consider a diflerent kind of relative entropy ifm('l^) 
for m E [{n — l)/n, 1) U (1, 00) — we call this the m-relative entropy — which is related to. 



but different from S'^y. Here z/ = exp^(— \l/)a; is a fixed conformal deformation of w, and 
exp^ is tlie m-exponential function (see Subsection I2.2p . Our definition of Hm{-\i^) stems 
from the Bregman divergence in information theory/geometry wliich is closely related 
to the Tsallis and Renyi entropies (see Subsection I3.ip . Roughly speaking, ifm(yu|z/) is 
defined as 

HUf^\u) = . ^ . / {p™ - mpa^-^ + (m - l)a™} du, 
m[m - 1) Jm 

for fi = pu and u = au (see Definition 13.11 for the precise definition). We can regard 
Hmif^W) as representing the difference between fi and z/. Taking the limit as m tends to 1 
recovers the usual relative entropy Entj^ (or the Kullback-Leibler divergence iif(-|z/)). Our 
results will guarantee that Hm{-\i^) is a natural and important object. 

Our first main theorem asserts that Hess Hm{-\i^) > K in {V'^{M),W2) is equivalent 
to the combination of RIcat > with A^ = 1/(1 — m) and Hess\E' > K, where Ric^r is 
of {M,u) (Theorem 14.11) . We remark that N can be negative, such RIcat is not previ- 
ously studied and would be of independent interest. It is also interesting to obtain split 
curvature bound/convexity conditions from a single convexity condition of the entropy. 
Then, according to the technique similar to the curvature-dimension condition, we show 
that Ric^v > and Hess "$ > K imply appropriate variants of the Talagrand, HWI, loga- 
rithmic Sobolev and the global Poincare inequalities (Propositions EIH EH Theorem 15.21) . 
and also the concentration of measures (Theorem l6.1l Proposition 16. 7p . Furthermore, the 
gradient flow of ifm("|^) produces a weak solution to the porous medium equation (for 
m > 1) or the fast diffusion equation (for m < 1) of the form 

^ = -A-(p"^)+div.(pVvl/), 
ot m 

where A"^ and div^ are the Laplacian and the divergence associated with the measure u 

(Theorem 17. 6p . Among others, we shall follow the metric geometric way of interpreting 

this coincidence as in |Ohl] . |GOj . Most results hold true also for Finsler manifolds thanks 

to the theory developed in [Oh2j and |0S1] (see Section [8j). 

We comment on former related work on this kind of entropy. On unweighted Rieman- 
nian manifolds, Sturm showed a similar characterization of the displacement ii"-convexity 
of a class of entropies (or free energies) including Hm ( |Stll Theorem 1.3]). We general- 
ize this to weighted Riemannian (and even Finsler) manifolds, and then Ric is replaced 
with RicAT (this is natural but nonobvious). Also our treatment of singular measures is 
more precise than |Stl] . Gradient flow from the view of Wasserstein geometry has been 
investigated by Otto |Otj in the Euclidean case, and by Villani |Vi2| Chapters 23, 24] in 
the weighted Riemannian case in a different manner from ours. Functional inequalities 
related to the convexity of the weight \1/ were studied in [AGKj . |CGHj and |Ta2j in Eu- 
clidean spaces (see also ^Stll Remark 1.1] and |Vi2[ Chapters 24, 25]). The concentration 
of measures seems new even in the Euclidean setting. 

The organization of the article is as follows. After preliminaries, we introduce the 
m- relative entropy Hm{-\i^) in Section [3l and show that Hessifm('l^) > -ft' is equivalent to 
Hess "^ > K with Ric^v > in Section m Using this equivalence, we obtain several func- 
tional inequalities in Section and the concentration of measures in Section O Section [7] 
is devoted to the study of the gradient flow of Hm{-\i^)- Finally, we treat the Finsler case 
in Section [HI 



2 Preliminaries 

Throughout the article except the last section, (M, g) will be a complete, connected n- 
dimensional C°°-Rieniannian manifold and d stands for the Riemannian distance of M. 
For simplicity and since we are interested in the role of curvature bounds, we will always 
assume n > 2. Denote by B{x,r) the open ball of center x & M and radius r > 0, i.e., 
B{x,r) = {y G M I d{x,y) < r}. See, e.g., |Ch] for the basics of Riemannian geometry. 

2.1 Weighted Ricci curvature 

We fix a conformal change u = e~^Yolg, with ip G C°°(M), of the Riemannian volume 
measure volg as our base measure. Given a unit vector v G T^M and A^ G (— oo, 0)U{n, oo), 
we define the weighted Ricci curvature by 

Ric7v(t^) := Ric(w) + Hess^(w,t;) - \r _ ■ (2-1) 

We also set 

Ric(t>) + Hess^(f , f) if (V^,f) = 0, 



Ricnf-u) :^ ^ .u ■ 

-oo otherwise. 

Observe that, if ip is constant, then RicAr(f ) coincides with Ric(f ) for all N. 

Remark 2.1 We usually consider Ric^v only for A^ G [n, cxd] (where RiCoo(f) = Ric(f ) + 
Ressipivjv) is the Bakry-Emery tensor, see [BE], jQi], |Lo] ) . and then it enjoys the mono- 
tonicity: RicAr(f) < IiicNi{v) for A^ < A^'. Admitting A^ < violates this monotonicity, 
but we abuse this notation for brevity. The reason why we consider this range of A^ will 
be seen in ( 12. 2p . 

As we mentioned in the introduction, Ric^v > K ioT K & M. and A^ > n is equivalent 
to Sturm's curvature- dimension condition CD{K,N). Spaces satisfying CD{K,N) behave 
like a space with "dimension < A^ as well as Ricci curvature > K" (see |St3] , |LV1] , |Vi2t 
Part III]). 

2.2 Generalized exponential functions and Gaussian measures 

We briefly recall the m-calculus, see |Ts2] for further discussion. We introduce a parameter 
m such that 

m e[{n- l)/n, 1) U (1, oo). 

We sometimes eliminate the special case m = 1/2 with n = 2 (Section |5]) or restrict 
ourselves to m < 2 (Sections El [7]). We set 

N = N{m) := 1/(1 - m) e (-oo, 0) U [n, oo). (2.2) 

Define the m-logarithmic function by 

, ,,, t'"-! - 1 ^ r t > if m < 1, 

lnm{t) := — tor <^ .^ 

m — 1 \ t >0 itm>l. 



Note that In^ is monotone increasing and that the image of In^ is (—00, 1/(1 — m)) if 
m < 1; [— l/(m — l),oo) if m > 1. We define the m- exponential function exp^ as the 
inverse of In^, namely 

exD m - 11 + fm - lHI^/("^-^) fo^ ne(-oo>l/(l-^)) ifm<l, 

For the sake of simphcity, we set exp^(t) := for m > 1 and t < —1 / {m — 1) . We also 

define 

t"^ — t 

e„(t) := tln^(t) = for t > 0, e^(0) := 0. 

m — I 

Observe that 

lim Inm(t) = ln(t), lim exp„(t) = e*, lim Cmit) = tln(t). 

Remark 2.2 (1) Taking m < 1 and m > 1 gives rise to qualitatively different phenomena 
(see Lemma [2.51 Example 12.61 for instances). Nonetheless, most of our results will cover 
both cases. 

(2) In some notations, it is common to use the parameter q = 2 — 171 instead of m (e.g., 
expg and g-Gaussian measures). In the present paper, however, we shall use only m for 
brevity. 

Using exp^ and the base measure u = e~^ vol^, we will fix another measure 

z/ = au := exp„(— ^)(^ 

as our reference measure, where \l/ G C{M) such that \1' > —1/(1 — m) if m < 1. Note 
that the two weights e~^ and exp^(— ^) involve different kinds of exponential function, 
so that they can not be combined. For later convenience, we set 

A/f — / ^ ^°^ "" < ^' (9 '^\ 

°-~ \ ^-i((-oo,l/(m-l))) form>l, ^^^> 

and assume that Mq is nonempty. Note that supp z/ = Mq holds in both cases. We shall 
study how the convexity of \l/ has an effect on the geometric and analytic structures of 
(M,z/). 

Definition 2.3 (ii'-convexity) Given fi' G M, we say that \1/ is K-convex in the weak 
sense, denoted by Hess^P > K for short, if any two points x,y & M admit a minimal 
geodesic 7 : [0, 1] — > M from x to y along which 

^{l{t))<il-t)^ilix)+t^iy)-^il-t)td{x,yy (2.4) 

holds for alHG [0,1]. 

Note that this is equivalent to saying that 02. 41) holds along any minimal geodesic 7 
between x and y, for 7I r^ i_£i is a unique minimal geodesic for all £ > and \1/ is continuous. 



Remark 2.4 Consider a different presentation v = {ca){c ^u) =: au of u for some 
constant c > 0. Tlien tlie weighted Ricci curvature RicAr is unclianged, wliile 



a = cexp 



m 



(-$) = {c"^-! - (m - l)c'^-i$}i/(™-i) 

^m-l _ ]^\ ^ l/(m-l) 



1 - (m - 1) ^c"'-'^ - \_{ j I =: exp^(-vl/) 

and lience Hess \l/ = c™~^ Hess \l/. 

Sections [5l [6] will be concerned with the case where Hess ^ > K > Q a.s well as 
Ricjv > 0. In such a situation, it turns out that z/ has finite total mass. Here we give 
explicit estimates for later use (in Section E]). 

Lemma 2.5 Assume that Hess\E' > K holds for some K > 0, and take a unique mini- 
mizer xq & M of^. 

(i) If m < 1 and Ricjv > 0, then a G L'^{M,u) for all c G (1/2,1], in particular, 
vi^M) < oo. Moreover, we have 



[ a''dLo< Cl-^v{MY + C2K^'^'^-^^ 

J M 



for some Ci = Ci{u) > and C2 = C2{m, c, w) > 0. 

(ii) If m < 1 and Ric^f > 0, then Jjyjd{xo, xY dv < 00 for all p G [1, 1/(1 — m)). 

(iii) If m> 1, then Mq and supp v are convex in the sense that any pair of points in Mq 
or supp V is connected by a minimal geodesic contained in Mq or supp u, respectively. 
In addition, we have 



2/1 ^ ^ ^/^ 



supp u C BixoA—i m-1 ~ ^^^^^ 

Proof. By our assumption Hess\E' > K > 0, we find a unique point Xq G Mq such that 
^(a^o) = infAf ^E'. Then we deduce from (12 .41) that 

vI/(7(l))>M/(a;o) + yrf(a;o,7(l))' 
holds for all minimal geodesies 7 with 7(0) = xq. Thus we have 

a{x) = exp^ ( - ^(x)) < exp^ ( - *(a;o) - —d{xo,xfj 



(2.5) 



for all X G Mq. 

(i) Denote by areaa;(S'(a;o, r)) the area of the sphere S{xo, r) := {x E M \ d{xo, x) = r} 
with respect to u. Then (12. 5p implies 

a'^ du < a'^ du + exp^ I — \l'(xo) r^ J area^j (S'(xo,'r)) rfr. 

Jm Jb{xo,i) Ji \ 2 / 



On the one hand, it follows from RIcat > that, for r > 1, 

area^ {S{xo,r)) < r^~^ area^ {S{xo, 1)) = r'^/^^"'") area^ {S{xo, 1)) 
(cf. |St3t Theorem 2.3]). Therefore we obtain, putting a := exp^(— \l'(xo))™'"^ > 0, 



exp„ ( - ^(xo) - — r^ j area^ (^(xcr)) dr 
< area^; (S'(a;o, 1)) / 



^ ~> c/(m-l) 



/oo r TV- ^ c/(m-l) 

<^ ar-^ + {l-m)—[ ^(m-2c)/(l-m) ^^ 

C ;>- ^ c/(»n-l) ^oo 

< area^ {S{xo, l))Ul-m)—[ / r^'^-^^^/^^"'") dr. 

As c > 1/2, the most right-hand side coincides with 

n _ rn^c/{m-l)+l / 7^\ c/(m-l) 

area^ (5(xo,l))^ ^^3^ i-j =: C2(m, cu;);^'^/^"^-^) < 00. 

On the other hand, as z/(M) < 00 is already observed, the Holder inequality and c < 1 
yield 



f a'dLO< ( f adcu] co{B{xo,1)Y ' < z/(M)"a;(5(a;o, 1))' 



We set Ci{u) = uj{B{xo, 1)) and complete the proof. 

(ii) We similarly deduce from (12. 5p and RicAr > that 



d{xo,xy di'{x) 

M\B{xo,l) 



r^exp^ ( - \l>(xo) - — r^ j area,^ {S{xo,r)) dr 
< area^ {S{xo, 1)) < (1 - m)— ^ 



l/im-l) /.oo 

^p+(m-2)/{l-m) ^^ 

1 



area. (^(.0,1))^----- - 



(1 — m)p \2 J 

We used p < 1/(1 — m) to see p + (m — 2)/(l — m) < —1. 

(iii) Recall that Mq = \l/~^((— 00, l/(?7i — 1))) and supp z/ = Mq. Therefore Mq and 
supp z/ are convex and (12. 5p shows the desired estimate. □ 

Observe that the convexity of Mq and supp u in Lemma I2.5( iii) holds true also for 
K = 0. 



Example 2.6 (?7i-Gaussian measures) One fundamental and important example to 
which Lemma [2.51 applies is the m-Gaussian measure on M" defined by 



iV^(t;, V) = adx := j^^^ exp. 



— {x — v,V ^{x — v)) 



dx, (2.6) 



where dx is the Lebesgue measure, a vector f G M" is the mean, a positive-definite sym- 
metric matrix V G Sym'''(?T,, M) is the covariance matrix, and Co, Ci are positive constants 
depending only on n and m (see |Ta2] l Then clearly Hess ^ = C'^~^{deiVY^~'^^l'^ ■CiV~'^ 
(by taking Remark 12.41 into account) and hence 

Hess^ > Co"^-^Ci(det\/)(^~'")/'A-^ > 0, 

where A denotes the largest eigenvalue of V. Note that Nmiy^V) has unbounded and 
bounded support for m <1 and m > 1, respectively. The family of m-Gaussian measures 
will play interesting roles in Sections El El [71 

2.3 Wasserstein geometry 

We very briefiy recall some fundamental facts in optimal transport theory and Wasserstein 
geometry. We refer to [Vilj . |Vi2] for basics as well as recent diverse development of them. 

Let (X, d) be a complete, separable metric space. A rectifiable curve 7 : [0, 1] — )■ X 
is called a geodesic if it is locally minimizing and has a constant speed, we say that 7 
is minimal if it is globally minimizing (i.e., (i(7(s),7(t)) = |s — t|(i(7(0),7(l)) for all 
s,t G [0, 1]). If any two points in X is connected by a minimal geodesic, then (X, rf) is 
called a geodesic space. 

We denote by V{X) the set of all Borel probability measures on X, and by V^i^X) C 
V{X) with p > 1 the subset consisting of measures /i of finite p-th moment, that is, 
f-^d{x,yy dfi{y) < 00 for some (and hence all) x G X. Clearly P^(X) = V{X) if X is 
bounded. Given /i, z/ G V{X), a probability measure vr G V{X x X) is called a coupling 
of /i and z/ if its projections coincides with /i and z/, namely 7r(y4 x X) = fi{A) and 
7r(X X A) = //(A) hold for any Borel set A G X. We define the L^ -Wasserstein distance 
between 11, v E V^{X) by 

VFp(/i, z/) :=inf ( / d{x,yY dT:{x,y)] , 
'^ \Jxxx J 

where tt runs over all couplings of /i and v. We call tt an optimal coupling if it attains the 
infimum above. We remark that VFp(/i, v) is finite since /x, z^ G P^(X), and it is indeed a 
distance of V'p{X^. The metric space ('P^(X), VFp) is called the U -Wasserstein space over 
X. If X is compact, then ('P(X), W^ is also compact and the topology induced from W^ 
coincides with the weak topology. 

We will consider only the case of p = 2 that is suitable and important for applications 
in Riemannian geometry. A minimal geodesic between /x, z/ G P^(X) amounts to an 
optimal way of transporting /i to z/ with respect to the quadratic cost d{x,yY- Then it 
is natural to expect that such an optimal transport is performed along minimal geodesies 
in X, that is indeed the case as seen in the following proposition. We denote by r(X) 

8 



the set of all minimal geodesies 7 : [0, 1] — > X endowed with the topology induced from 
the distance dr(x){'y,v) •= sup^g^,!] d{'y(t),ri{t)). For t G [0, 1], define the evaluation map 
Ct : r(X) — )■ X as 64(7) := 7(t), and observe that each Ct is 1-Lipschitz. 

Proposition 2.7 ( |Vi2t Corollary 7.22]) Let {X,d) be a locally compact geodesic space. 
Then, for any ^,v & V'^{X) and any minimal geodesic a : [0, 1] — > V'^{X) between them, 
there exists U G ViT{X)) such that (cq x ei)^Il is an optimal coupling of fi and v and 
that (ei)jn = a{t) holds for all t G [0, 1]. 

We denoted by (eJ^II the push-forward measure of 11 by Cj. In Riemannian man- 
ifolds, a more precise description of an optimal transport using a gradient vector field 
of some kind of convex function is known. We first recall McCann's original work on 
compact Riemannian manifolds. Denote by Va.c{M,Yo\g) C V{M) the subset of ab- 
solutely continuous measures with respect to the volume measure volg. We also set 
Vl{M,Yolg) := P2(M) nP,e(M,volg). 

Theorem 2.8 ( |Mc2l Theorems 8, 9]) Let {M,g) be a compact Riemannian manifold. 
Then, for any n G Vac{M,Yolg) and v G V{M), there exists a {d^/ 2) -convex function 
ip : M — y M such that the map Tt{x) := exp^(tVv9(x)), t G [0,1], provides a unique 
minimal geodesic from fi to u. Precisely, (To x 7i)j/i is an optimal coupling of fi and v, 
and fit = (7i)jj/i is a minimal geodesic from fiQ = fi to fxi = u with respect to W2. 

See |Vi2t Chapter 5] for the definition of the {d'^ / 2) -convex function, here we only 
remark that it is semi-convex in compact spaces. Such convexity is important as it implies 
the almost everywhere twice differentiability (due to the Alexandrov-Bangert theorem), 
and is generalized to noncompact spaces in |FGj . 

Theorem 2.9 ( |FGl Theorem 1]) Let {M,g) be a complete Riemannian manifold. Then, 
for any fi G P^^(M, vol^) and v G V'^{M), there exists a locally semi-convex function (f : 
Q — > M on an open set Q G M with fi{fl) = 1 such that the map Tt{x) := exp^(tVv9(x)), 
t G [0, 1], provides a unique minimal geodesic from fi to v [in the sense of Theorem \2.8{) . 

We will also use the following Jacobian (or Monge-Ampere) equation. 

Theorem 2.10 ( |Vi2l Theorems 8.7, 11.1]) Let {M,g) be complete and ft, v, ip, Vt and 
Tt be as in Theorem \2.9\ above. Put 

J^(a;) := e'^(^)-'^(^(^»det(D7I(x)) 

for X E ft and t G [0, 1). Then it holds fit G P^p(M, vol^,) and {pt o 7i)J^ = po fJ^o-o-e.. 
for all t G [0, 1), where we set fit = {lt)^fi = Pt<^. In particular, J^ > fiQ-a.e. for each 
t G [0, 1). If in addition v G Pfp(M, vol^), then the above assertions hold also att = 1. 

Note that J^ is the combination of the Jacobian det{DTt) of % with respect to the 
metric g and the ratio e'^"'^*-'^-' of the weight e~^ on vol^. 



3 Generalized relative entropies 

Before discussing the m-relative entropy, we briefly review the Boltzmann and the Tsalhs 
entropies (see |Tsl] . |Ts2] ). and explain the motivation related to information geometry 
(see jM], [M]). 

3.1 Background: Tsallis entropy and information geometry 

Entropy is a functional playing prominent roles in thermodynamics, information theory 
(sometimes with the opposite sign) and many other fields. It describes how particles dif- 
fuse in thermodynamics, and measures the uncertainty of an event in information theory. 
The most fundamental entropy is the Boltzmann{-Gihhs- Shannon) entropy given by 



E{ii) = — plnpdx 



for /i = pdx G Pac(K", dx), where dx is the Lebesgue measure. 

Boltzmann entropy is thermodynamically extensive and probabilistically additive, so 
that it is suitable for the treatment of independent systems. Precisely, for two independent 
distributions pi, fi2 £ 'P3,c{^"',dx) and their joint probability /xi x /i2 G VaciM"^^ , dx) , one 
easily observes E{pi x ^2) = E{pi) + E{fi2)- Recently, there is a growing interest in 
strongly correlated systems and non-additive entropies. Among them, we are interested 
in the Tsallis entropy defined by 

EmiiJ,) ■■= - e.mip)dx = - p\nrnpdx = - -dx (3.1) 

jm" Jr" Jr" ^^ -L 

for p = pdx G Vg^ciM^, dx), where m E [{n — l)/n, 1) U (1, 2]. Note that letting m tend to 
1 recovers the Boltzmann entropy E[p), and that Em{p) is closely related to the Renyi 
entropy 

Sn{p) :=- I p^-^/^ dx = {m- l)ErM - 1. (3.2) 

Jr" 

One can connect E and E^ via Gaussian measures as follows. On the one hand, given 

w G M" and V G Sym"'"(n, M), the (usual) Gaussian measure 



^^"'^^= (2.)-/^(dety)V2 ^"P 



— -{x — v,V ^(x — v)) 



dx 



maximizes E among p G V^d^^, dx) with mean v and covariance matrix V. On the other 
hand, the m-Gaussian measure Nm{v, V) defined in (12.61) similarly maximizes E2-m under 
the same constraint (for m 7^ 1/2, 2). 

In the following sections, we shall verify that a number of further geometric and 
analytic properties of E have counterparts for E^- Precisely, since E^ itself is not really 
interesting in our view (see Remark 14.3( 2)). we modify E^ in the manner of information 
geometry. 

We start from the family of Gaussian measures 

Ar{n) ■= {N{v, V)\veW,V e Sym+(n, R)} 
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as an ((n^ + 3?2)/2)-dimensional manifold. In information geometry, we equip N'{n) with 
the Fisher information metric mp which is different from the Wasserstein metric W2- In 
fact, {N{l),mp) has the negative constant sectional curvature ( |Amj ). while (A/'(l),Vr2) 
is flat (cf. [Tall Theorem 2.2] and the references therein). The Fisher metric admits a pair 
of dually flat connections {exponential and mixture connections) and the Kullhack-Leihler 
divergence 

H{fi\u)= [ ^\n(^^du 

for z/ = adx G Vs,c(^"', dx) and fi = pdx G Pac(IR", ^)- Note that H{p,\v) is nonnegative by 
Jensen's inequality. The square root of the divergence H{p\v) can be regarded as a kind 
of distance between /i and v. It certainly satisfles a generalized Pythagorean theorem, 
though it does not satisfy symmetry nor the triangle inequality. The Kullback-Leibler 
divergence H{^\i') coincides with the relative entropy Entjy(/i) of p, with respect to v. 
Roughly speaking, Enty(//) is deflned for p G V{W^) and a Borel measure v on R" by 

Ent.(^):=(^M"^ln^^^ for/. = ,z.GP..(M",^), 
(^ oo otherwise, 

and then Ent^(/i) > -lnz/(M"). 

The family of ?7i-Gaussian measures 

M{n, m) := {Nmiy, V)\veW,V & Sym+(n, M)} 

similarly admits dually flat connections and the corresponding Bregman divergence (called 
the (3 -divergence, cf. |UWt §2.1]) is 



H^m{p\v) = — / {p™ - mpa"^-^ + (m - l)a™} dx (3.4) 

for V = adx G Pac(K", dx) and p = pdx G V^ciM"', ^)- We can rewrite this by using e^ as 

HjnipW) = — {em{p) - em(cr) - e'^{a){p - a)} dx 

and recover the Kullback-Leibler divergence as the limit: 

lim Hm{p\i^) = / {p\np — a\na — {\na + l){p — a)} dx = H{p\iy). 

It will turn out that the entropy induced from (13. 4p is appropriate for our purpose. We 
remark that the division by m in (13. 4p is unessential, we prefer this form merely for 
aesthetic reasons of the presentation of Theorem 14.11 

3.2 m-relative entropy 

Recall our weighted Riemannian manifold {M,u) and reference measure z/ = au. The 
Bregman divergence (13.41) leads us to the following generalization of the relative entropy. 

11 



Definition 3.1 (m-relative entropy) Assume a G L'^{M,uj). Given /i G V{M), let 
/i = pw + /i'^ be its Lebesgue decomposition into absolutely continuous and singular parts 
with respect to u. Then we define the m-relative entropy as follows. 
(1) For m < 1, 

- I {era{p)-era{a)-e'^{a){p-a)}duj ^— [ a^-^ rfp^ + /7„(ooK(M) 

m Jm m-\ Jm 



m ^ 

1 /■ . ™ , . ™, . 1 



, ,. , {p'" + (m-l)a™}da; -/ a^-Mp + iJ^(ooK(M) (3.5) 

m[m -1) Jm m-1 J^ 

if or G L'^-\M,fi), where H„,{oo) := 0. We define H^{^i\v) := cx) for p G V{M) with 
a^L™-i(M,p). 

(2) For m > 1, ifm(/^|^) is defined by (13. 5p if p G L"^{M,u;), where Hm{oo) := oo and 
oo ■ = as convention. We set Hmil^W) '■= cxd for p G V{M) with p ^ L'^(M, tu). 

For fi = pu E Vac{M, u), (13. 5p has the simplified form 

m[m - 1) Jj^^ 

as in (13. 4 p . Note that the first two terms in the right hand side are regarded as the internal 
and external energies, and the last term (which is independent of p) is added for the sake 
of nonnegativity (see Lemma [3.3p . 

Remark 3.2 (1) If Hess ^ > K > Q, then the primal assumption a G L"^{M, u) is clearly 
satisfied for m > 1 by Lemma [2.5( iii). We deduce from Lemma [2.5( i) that a G L'^{M,u) 
also holds true if Hess "^ > K > 0, Ricn > and m G (1/2, 1). 

(2-a) For m < 1, if a G L"^~^{M,p), then the Holder inequality implies 

p"'duj= / (pa'"^i)'"a'"(i-'") rfw < ( / pa"'~^dco] i / a"^ du 

M J M V J M J V J M 

Thus we have p G L"^{M,u). Moreover, for p = pu E Vac{M,u), it holds 
if^(p|z/)-- [ a^'du 

> , ^ A [ a"'-' dp] ( [ a"'du) +-^ / a"'-' dp 
m{m - 1) V Jm J \Jm J l-m Jm 

(x'^-^dp) <^m( / a"-'rfp) -( / a'^duj 



m(l -m)\Jj^ 



M J \JM 



and hence it is natural to define ifm(p|z/) = oo for p with o ^ L™ ^{M,p). 
(2-b) For m > 1 and p G L"^{M,u), the Holder inequality 

pa"-^ duj<( p'^dio] { a'^duj 



M \JM / \JM 
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similarly yields a G L™ ^{M.n) and, for ji = puj ^ Va_c{M,u), 
HUM-- [ ^""du 

1 / /• \ l/"i ( / r \ (m-l)/m / p \ {m-l)/m 

Hence it is again natural to set Hm{p\i') = oo for p ^ L"^{M,u). 

(3) The validity of the definition of ifm(oo) would be understood by the following 
observation (putting p = XB{x,E)/^{B{x,e)) so that XB{x,e) is the characteristic function 
of B{x,e)): 

f 1 J I -ni \n1-™ f if m < 1, 

7s(.,.)C^(5(x,£))- V I ' V \ oo ifm>l 

as e tends to zero (see also Lemma [13] below) . 

Next we see that z/ is a unique ground state of Hm{-\i') (provided z/(M) = 1). 

Lemma 3.3 We have Hm{p\v) > for all p G V{M), and equality holds if and only if 
^ ^ 'Paci.M, uj) and p = u. 

Proof. Note that, if p'^{M) > 0, then the singular part 

^ f a"'-Up' + Hm{oo)p'{M) 

m-l Jm 

in 03.5p is positive for ?7i < 1 (since a > on M) and infinity for m > 1, respectively. 
Hence it is sufficient to consider the absolutely continuous part. As the function em{t) = 
(t"* — t)/[m — 1) is strictly convex on (0, oo), we have 

em{p) - em{(T) - e'Ua){p - a) > 

in (13. 5 p and equality holds if and only if p = a. Therefore Hm{p\i^) > and equahty 
holds if and only if p^{M) = and p = a w-a.e.. □ 

The following lemma will be used in Section [7] (Claim ITTl) where M is assumed to be 
compact. This also guarantees the validity of the definition of H^oo). 

Lemma 3.4 Let {M,g) be compact. Then the entropy Hfn{-\i^) is lower semi- continuous 
with respect to the weak topology, that is to say, if a sequence {pi}i^m C V{M) weakly 
converges to p, E V{M), then we have 

Hm{p\iy) < limini Hm{pi\iy). 

i—>oo 

Proof We divide Hm{p\i^) — rn^^ f^^ cr"^ du into two parts: 

hi{p) := . ^ ^. / p"'du + HUoo)p%M), h^ip) := ^— f a^~' dp. 

m{m -I) Jm m-l J^ 

Then h2{p) is clearly continuous in p (since M is compact). In addition, the lower 
semi- continuity of hi{p) follows from [LV2t Theorem B.33] since the function Um{t) : = 
f^ /m{m — 1) is continuous, convex and satisfies ?7m(0) = as well as limt_5.oo Um(t)/t = 
Hm{oo). □ 
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4 Displacement convexity 

In this section, we prove our first main theorem on a characterization of the displacement 
convexity of Hm{-\i^) along the lines of [CMS] . |vRS] . |Stl] and |St3] . 

In jStlj . Sturm considered a more general class of entropies (or free energies) on 
unweighted Riemannian manifolds. Then his [St 11 Theorem 1.3] includes the equivalence 
between (A) and (B) in Theorem 14.11 below (with u = volg, see also |Stlt Remark 1.1]). 
To be precise, in his theorem, the condition (A) is written as 

U'{r) Ric(t;) + Hess ^(w, v) > K 

for all r G M and unit vectors v G TM, where U{r) = e^"^~^'^ /m{m — 1) (one more 
condition U"{r) + U'{r)/n > corresponds to m > {n — l)/n, see Remark I4.3r i)). 
Thus Theorem 14.11 can be regarded as the combination of [Stl| Theorem 1.3] and the 
equivalence between RIcat > K and CD{K,N) (for (M, cj), see |St3[ Theorem 1.7], |LVll 
Theorem 4.22]). Our proof is also in a sense the combination of them. Recall from (12. 3p 
that Mo = M for m < 1, Mq = ^"^((-oo, l/(m - 1))) for m > 1, and that Mq = supp z/ 
in both cases. 

Theorem 4.1 Let (M, to, u) and m E [{n — l)/n, 1) U (1, oo) with a G L™-{M, ui) be given. 
Then, for i^ G M, the following three conditions are mutually equivalent: 

(A) We have Ricn >0 on Mq with N = 1/(1 — m) as well as Hess "if > K on Mq in the 
sense of Definition \2.3[ 

(B) For any fio, fii G VI^{Mq,uj) such that any two points Xq G suppyUo, Xi G supp/ii 
are joined by some geodesic contained in Mq, there is a minimal geodesic {^t)telo,i] C 
7^f(,(Mo,a;) along which we have 

HUfitW) < il-t)Hra{fioW)+tHm{fi,\iy)-—{l-t)tW2ifio,l^iy (4.1) 

for allte [0,1]. 

(C) For any fio, fii G 'P^(Mo) such that any two points Xq G supp/io, Xi G supp/ii are 
joined by some geodesic contained in Mq, there is a minimal geodesic {fit)te[o,i] C 
P^(Mo) along which we have ( |^.ip for all t G [0, 1]. 

Proof. Note that (C) =^ (B) is clear. Thus it suffices to show (A) =^ (C) and (B) =^ 
(A). As the general case of the part (A) =^ (C) is somewhat technical, let us begin with 
absolutely continuous measures, in other words, (A) =^ (B). 

(A) =^ (B): Since the assertion (14. ip is clear if Hmif^oli^) = oo or ifm(/ii|z/) = oo, 
we assume that both Hm{lJ'o\i^) and Hm{fJ'i\i^) are finite. Theorem 12.91 ensures that there 
is an almost everywhere twice differentiable function ip : M — > M such that the map 
Ttix) := exp^ifVipi^x)) gives the unique minimal geodesic fit '■= iTt)if'Q from /io to /ii. 
Due to |CMS| Proposition 4.1], Ti{x) is not a cut point of x for /io-a.e. x, and hence 
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the minimal geodesic (Tt{x))te[o^i] is unique and contained in Mq. Recall that, putting 
/it = Ptw, 

m{m - 1) J^.j m Jm 

By the Jacobian equation (Theorem 12 .lUI) . we deduce that 

Jm Jm 

where J^(x) := e^(^)-^(^*(^))det(D7;(x)) > /^o-a.e.. 

Claim 4.2 For fXQ-a.e. x G M, the function J^(a;)^^™/(m — 1) = — A^J^(a;)^'^ is convex 
in t. 

Proof. For m < 1 (and hence N > n), this is proved in |St3t Theorem 1.7] (see also 
|0h2l Section 8.2]). We can apply the same calculation to m > 1 (and A^ < 0). For 
completeness, we briefly explain how to modify calculations in |0h2] . With the notations 
in |0h2t Section 8.2], we observe that RIcat > implies (iV — l)h'^h^^ < 0. Thus /13 is 
convex and e'^ is concave, therefore 

{e-^(^-)jr(a;)}i/^ = h{t) = (e^W)i/^/i3(t)(^-i)/^ 

is convex in t (via the Holder inequality 

for a,b > and c,d>0). <0 

In order to estimate the term o"(7i)™^^/(l — m), we observe from Hess\E' > K that 

1 — m 1 — m 

< -^ + (1 - m{%) + t^{Ti) - f (1 - t)td{To, Tif 
1 — m 2 

I — m I — m 2 

Combining this with Claim H72] and integrating with hq yield the desired inequality (14. ip . 
(A) =^ (C): We next consider the more technical case where /xq or fii has nontrivial sin- 
gular part. There is nothing to prove for m > 1. For m < 1, we decompose as /iq = Pquj+^q 
and /ii = piUJ+nl, and take an optimal coupling vr of /io and /ii. Now, vr is decomposed into 

four parts TT = -Kaa + T^as+T^sa + T^ss SUch that {pi)i!,{'Kaa), {Pl)^{T^as), {P2)^{T^aa) and {P2) 'i,{'^ so) 

are absolutely continuous, and that (pi)tt(vrsa), (pi)tt(7rss), (P2)t)(^as) and (p2)tt(7rss) are sin- 
gular (or null) measures. Here pi,p2 '■ M x M — v M denote projections to the first and 
second elements. 
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We divide optimal transport between /xq and /ii into two parts, corresponding to vr — Tr^^ 
and Tigs- As for fiQ := (pi)n(vr — vr^s) and fii := (p2)tt(^ ~^ss), Theorems 12.91 [TTUJ are again 
applicable and give a minimal geodesic fit = ptoo G (1 — T^ssiM x M)) ■ ^^^(Mo,^) (i.e., 
fit{M) = 1 - TTssiM X M)) satisfying 



pTdu>{l-t) p'^du + t p'^duj, 

M J M Jm 

f a™-^ rf/it < (1 - t) / a"-^ dpo + t f a""-^ dp^ 
Jm Jm Jm 

(1 — m)K f u \2 u 

-[l-t)t I d{x,y) d{n -nss){x,y). 



2 jmxm 



We then choose an arbitrary minimal geodesic pt = ptOJ + pl G t^ss{^ x M) ■V'^{Mq) from 
P'O '■= {Pi)i{'^ss) to pi := {p2)i{T!'ss)- Thanks to Proposition 12. 7^ pt is also realized through 
a family of geodesies in Mq, and hence Hess "$ > K implies 



a"'-' dpt < (1 - t) / a™"' dpo + t a""-' dpi 
M Jm Jm 

- (^~^^^ (i _ t)t [ d{x, yf diTssix, y). 
We put Pt := Pt + Pt and conclude that 

HUP.W) ^ -^ Jjipt + ptr + (- - 1)--} d. + ^ l^ a-^ dpt 

< (1 - t)iy„(/io|^^) + tH^pilu) - -{1 - t)tW2{po, Pi?- 

(B) ^ (A): By approximation, it suffices to show RIcat > and Hess\E' > i^ on Mq. 
We first consider the case oi m < 1. Fix a unit vector v G T^M with x G Mq and put 
7(t) := exp^(tf ), B± := 5(7(±(5), (1 =F a5)e) for < e ^ 5 ^ 1 with a constant a G M 
chosen later. Set 

Po = Pow := , . u, pi = piu := u, 4.2 

uj{B_) i^(-D+) 

where xa stands for the characteristic function of a set A. Let pt = (Tt)^po be the unique 
optimal transport from /iq to pi. Recall that 

HUptW)-- I a^duj = —^— [ {p^-\Jty~"' - maiTtr~'} dpo, (4.3) 

where J^ = e'^-^C^*Met(D7;). By definition, we find 

p™-i = {c„e-^(^(-^»(l + a5)V" + 0(£"+1)}1-™xb-, 
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where c„ denotes the volume of the unit ball in R". Note also that 

^^.n'-*o.(£.r*o)--^(^^)-"'. ,4.4, 

As the (second order) behavior of the distance function is controlled by the sectional 
curvature, we have 



1/2 C exp, ( 5^ai— e T^M ^ 

^ i=l \ i=l 



supp/i 

k 



. 2 

a,- , 

— 1 < 1 



where we chose a coordinate (x*)"^^ around x such that {{d/dx^)\x}^=i is orthonormal and 
that {d/dx^)\x = 7(0), and denote by ki the sectional curvature of the plane spanned by 
7(0) and {d/dx^)\x (so that ki = 0) (see the proof of [vRSt Theorem 1]). Thus we observe 
from Ric(f ) = J21=i ^i ^^at 

a;(supp/ii/2) _Mx)y vol3(supp/ii/2) 
lim sup — = e ^^ ' lim sup — — 

< e-^(")|l + ]-Ric{y)5^ + 0{5'')\. (4.5) 

We similarly observe that w(supp;Ui)/c„e"' is uniformly bounded as £ — )• 0. Hence, since 
1 — m > 0, the leading term of (14. 3 p (as e — )■ 0) is 






Thus we obtain from (14. ip with t = 1/2 that, by letting e go to zero, 

,(,(0))'"-' < obi-iyr-^+'Wrr-' _ ^, _ ,,„)^p.).. 



This means that 



Hess ^ = -^— Hess((T'""M > K 
1 — m 



in the weak sense. 

In order to show Ric7v(f) > 0, we choose a point y with d{x,y) ^ 6 and modify /xq 
and fii into 

/i. := (1 - ^"^^) ,y^'L ^ + ^'^^V. (4.6) 

uj{B{y,6)} 

for z = 0, 1. Then iy2(/io,/ii) = e^^+^^Z^ . H^2(/io,yUi) and 

u;(5(y,5)) 
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is the unique minimal geodesic from /iq to /ii, so that f l4.3p is modified into 

HUf^tW) / ^"^du 

m Jm 



-n+l 



m{m — 1) jj^j 

1 1 - e"+i 



{(£"+Vo)'""'(Jn'~'" - mairt)"'-'} rf/io 



+ 



l-e' 



1 \ ''n—i 



m{m - 1) u{B{y, 5)) J B{y,s) I \^{.B{y, 5)) 
We rewrite this as 



— ma 



m—l 



du. 



HmifitW) / a'^du 



l-e' 



m 

n+l 



M 



l-e' 



+1 \ m-1 



m 



m(m-l) {\u{B{y,6))J uj{B{y,S)) JB(y,s) 

c-n+l 



a™-^ dw 



mem 



- [ {{e-^'por-\3ty-"'-ma{Ttr-'}df,o. 



(4.7) 



Since (e^+Vo)"""^ = {cne-^(^(-'^»(l + a6)''e-^ + 0{l)y-"'xB_, the leading term of (K7\) 
(as e — )■ 0) is 



e 



m{n+l) 



J M 



m{m — 1) 
Therefore (14.11) with t = 1/2 and the Jacobian equation (Theorem 12. lOp yield that 



hminf / (3-,/,)'^"^ dpo > kjo(7(-5))'""^ + Jr(7(-5))'"'"} 



1 



1 — a6 



2\' ' \l + a5 
Combining this with (14. 4 p and (14. 5p . we obtain 



n/N 



,W(7(-5))-^(7(5))}/^ 



) 



l/(l-m) 

> (1 + a5)"e'^^"^-^^^^~'^^^ ( / (J^'"'" dpo ) + 0{6^' 



> 



2N 



[1 + a6) 



n/NiiP{x)-i,(^{-S))}/N 



N 



+ (1 - a5)"/^e{'^(")-'^(^('))>/^ } + 0{6'' 



Hence we have, expanding the (l/A^)-th power of both sides near 5 = 0, 

> 1/(1 + a^)n/A^e{V'W-^(7(-'5))}/Af + (1 _ Q^) VAfe{V'W-V'(7(5))}/iV I _^ 0(^3^) 

'nfn_\^ jiipo^)"{0) (^O7)'(0)2] 2na{^o^y{0) 



^4 



N 



iV2 



+ 



A^ 



1 + ^^ -(^O7)"(0) 



n{n-N) 2 2n(^o7)'(0) (^O7)'(0) 



N 



N 



-a" + 



TV 



A^ 
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Therefore we obtain 

R.,„, , „ „ -,).,o, - -±^a^ - Mi^„ _ iliml > 0. (4.8) 

If A^ > n, then choosing the minimizer a = {ip o "y)' (0) / {N — n) gives the desired curvature 
bound 

RicNiv) = Ricft;) + (^ o 7)"(0) - ^^,/^^^ > 0. 

N — n 

li N = n, then we consider a going to oo or — oo and find {ip o 7)'(0) = as well as 
Ric„(t;) > 0. 

In the case of m > 1, we use the same transport (14.21) and then the leading term of 
(14. 3 p changes into 



m{m - 1) JM 

Thus calculations as above yield the reverse inequality of (14. 4 p and finally (14. 8 p with 
A^ < 0. We again choose the minimizer a = {ip o 7)'(0)/(A^ — n) and find RicAr(t') > 0. 
Similarly, for the transport (14. 6p . the leading term of (14. 7p is 



1 — m 



J M 



and then (gl]) yields Hess^ = Hess((T'""V(l - m)) > K (note that W2{fiQ,jiif = 
5"-+il4^2(/Uo,/ii)^ has the same order). □ 

Remark 4.3 (1) If we admit m G (0, {n—l)/n) and generalize RIcat in (12. ip to A^ G (1, n), 
then Claim |?2]is false. Moreover, as the coefficient of a^ in (14. 8 p is negative, (14. ip is never 
satisfied (let a — )■ oo). Compare this with jStH (1.7)] which means m > (n — l)/n in our 
setting. 

(2) Note that the special case p = u (i.e., \I' = 0) in Theorem 14. 1 1 makes sense only for 
K = 0. Then the assertion of Theorem 14. II corresponds to the equivalence between RIcat > 
and the convexity of the Renyi entropy S^, i.e., the curvature-dimension condition 
CD(0,A^) of (M,w). 

(3) In the limit case of ?7i = 1, two weights ip and \Ef are synchronized as z/ = e~^~^ volg, 
and HessEntjy > K (i.e., CD(ii", oo) for (M, i/)) is equivalent to the single condition 
Ric + Hess('?/' + \l/) > K ( |vRSt Theorem 1], |St2t Proposition 4.14]). For m ^ 1, however, 
Ip and \E' keep separate and they measure different phases of (M, a;,//), as indicated in 
Theorem 14.11 

5 Functional inequalities 

Since Otto and Villani's celebrated work |OVj . the displacement convexity of entropy-type 
functionals has played a significant role in the study of functional inequalities (and the 
concentration of measures). In this section, we follow the argument in |LV2t Section 6] 
that the direct application of the displacement convexity of the entropy implies various 
functional inequalities. Our proofs use only fundamental properties of convex functions. 
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In more analytic context, related results for m 7^ 1 in the Euclidean spaces {M,u) = 
{W,dx) can be found in [AUK] . [UUH] and [^2]. See especially [AUKl Section 4] 
and |CGHt Section 3] for various generalizations of the Talagrand (transport) inequality, 
logarithmic Sobolev (entropy-information) inequality, HWI inequality and the Poincare 
inequality. The relation among these inequalities are also discussed there. 

Throughout the section, we suppose that m > 1/2, Ricn > and that Hess "^ > K 
holds for some i^ > 0. Note that m > 1/2 is clear iin > 3. Recall from Lemma I^TST i). (iii) 
that z/(M) < 00 automatically follows from these hypotheses, so that the normalization 
gives 

u = au = exp^(-^)w := u{M)-^u E Pac(M,w) 

with Hess\E' > v{MY~"^K according to Remark 12.41 Lemma [2.51 moreover ensures that 
a e L'^{M,u), V G VlJ^M^uS) and that Mq is convex. Keeping these in mind, we will 
consider v with v(M^ = 1 for simplicity. 

Proposition 5.1 (Talagrand inequality) Assume that m E [{n — l)/n, 00) \ {1/2, 1}, 
z/(M) = 1, RicAf > and Hess^ > K >0. Then we have, for any n E V^(M^), 



W2{fi,iy)<^^Hrn{fiW). 

Proof. There is nothing to prove if iJm(/i|z/) = 00, so that we assume Hm{^i\v) < 00. 
Let (/ii)tg[o,i] C V^{Mq) be the optimal transport from /iq = /x to /ii = u. It follows from 
dUD and H^{v\v) = that 

HUf^tW) < (1 - t)Hrnifi\iy) - f (1 - t)tW2ifi, pf. (5.1) 

Since HmifJ'tW) > (Lemma l3.3p . we obtain Hm{ii\u) > {K/2)W2{fi, i^Y by dividing (15. ip 
with 1 — t and letting t go to 1. □ 

The above Talagrand inequality is regarded as a comparison between distances in 
Wasserstein geometry and information geometry (recall Subsection 13. ip . 

In the remainder of the section, let \1/ be locally Lipschitz. For n = puj E VI^{M,ijj) 
such that p is locally Lipschitz, we define the m-relative Fisher information by 



.(/^k) 



^J \WM-C{^tpduj = T-^J \V{p-'-cr-^'dp. (5.2) 

It will be demonstrated in Proposition 17.101 that ^JIm{p\l^) is the absolute gradient of 
Hm{-\v) at p. Thus it is natural to expect that the convexity of Hm{-\v) yields the 
following inequality. 

Theorem 5.2 (HWI and Logarithmic Sobolev inequalities) We assume that m E 
[{n - l)/n, 00) \ {1/2, 1}, z/(M) = 1, RIcat > 0, Hess^ > K > and that ^ is locally 
Lipschitz. Then we have, for any p = pu E V^^{Mq,u)) such that Hm{p\v) < 00 and p is 
Lipschitz, 

HUpIu) < ./lUiA^ ■ W^ip, u) - ^W2{p, v)\ (5.3) 
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Proof. Let /ij = ptU G VI^.{Mq,oj), t G [0, 1], be the optimal transport from /ig = /i to 
/ii = 1/ given by /ij = (Tt)ifJ> with 7f(x) = exp^^fVipi^x)), and put -f^(t) := Hm{ntW)- Then 
it follows from ( 15.1 p that 

^(0)<£M^_^(1_,),^,(,..), ,5.5) 

We shall estimate the term 

1 



H{Q) - Hit) = ^ / {(p- - pT) - m{p - pt)a^-'} doo. 

m{m — I) jj^,j 

Since the function f{s) := s"^/{m — 1) is convex, we have 



m _ m 

m — \ m ~ I 

and hence 

H{Q) - H{t) < ^- / (p™-i - a"^-i)(p - pt) du. 
m - 1 Jm 

As (Tt)^p = /Ut, we observe 



M Jm 

This yields 

if (0) - iJ(t) < ^ / {ip"'-'-a--')~{piTtr-'-aiTt)"'-')}df,. 

Thus we obtain 

limsup ^^°^~^^^^ < , ^ , f |V(p"-^-a™-i)|-t/(ro,ri)rf/i 
t-^o i |m- 1| Jm 

= ^JI^{p\u) ■W2{p,y). 

Combining this with f l5.5p . we conclude that 

H^{p\u) < ^Jlm{p\y) ■ W2{p, V) - -jW2{p, Vf < ^Im{p\y). 



D 



Remark 5.3 It is established in |Ta2j that, in the Euclidean space (M, cj) = {W^,dx), 
equality of f l5.3p and fl5.4p is characterized by using m-Gaussian measures. 

We finally show a kind of Poincare inequality. Observe that letting m = 1 recovers 
the usual global Poincare inequality Jj^^ p du < K^^ J^^ | V/p (iz/. 
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Proposition 5.4 (Global Poincare inequality) Assume that {M,g) is compact, m G 
[{n - l)/n, oo) \ {1/2, 1}, z/(M) = 1, RIcat > 0, Hess^ > K > and that ^ is Lipschitz. 
Then, for any Lipschitz function f : Mq — > M such that Jj^f du = 0, we h 



M -f^ Jm 



ave 



Proof. Apply (15 ■4p to fi = pu := (1 + ef)auj for small e > and obtain 

— ^— I {p'--mpa"^-' + {m-l)a^}duj<^^^— f \Vip-'' - a^-')]' dp. 
m[m - 1) J^i 2K (m - 1)^ J^ 

We remark that Hm{p\v) < cxd as M is compact. On the one hand, 

p'" - mpa"^-^ + (m - l)^'" = (1 + e/)'"a'" - m(l + e/)(T™ + (m - l)^'" 

= a'"{(l + £/r-l-m(£/)} 

= m{m - l)a'^^—e^ + 0{e^), 
where Oic"^ is uniform on M thanks to the compactness of M. On the other hand, 

|V(p™-^ - (t"-^)P = |V[((1 + efT-^ - \)a'^-^\ I' 
= |V[(m-l)/£(T™-^] + 0(£2)|2 

= (m - l)V|V(/a'"-^)P + 0(£=^). 
Thus we have, letting e go to zero. 
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6 Concentration of measures 



This section is devoted to an application of Proposition 15.11 to the concentration of mea- 
sures. Let us assume z/(M) = 1 and define the concentration function by 

a(A/,.)(r) := sup {l - u{B{A,r)) \AcM, u{A) > 1/2} 

for r > 0, where A is any measurable set and 

B{A, r) := {y e M \ inf d{x, y) < r}. 

The function ai^M.u) describes how the probability measure u concentrates on the neigh- 
borhood of an arbitrary set of half the total measure in a quantitative way (in other 
words, a kind of large deviation principle). An especially interesting situation is that 
a sequence {(Mj, i/j)}jgN satisfies \mii^oo(y.(^Mi,Vi){f) = for all r > 0, that means that 
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{Mi, z/j) is getting more and more concentrated. We refer to [Le] for the basic theory and 
apphcations of the concentration of measure phenomenon. 

In the classical case of ??i = 1, it is well-known that the concentration of measures 
has rich connections with functional inequalities appearing in Section [51 For instance, the 
L^-transport inequality Wi{fi,iy) < ^i^jK) Ent,^(/i) implies the normal concentration 
a(r) < Ct'^"^ with constants c, C > depending only on K ([Lei Section 6.1]). In 
the same spirit, we show that an application of Proposition 15.11 gives new examples of 
concentrating spaces. 

We set Gc = Gc(^) := Xij cr'^ du for c > 1/2. Recall from Lemma [2.5^ 1) that, if ??i < 1, 
RicAf > and if Hess "^ > K > 0, then 

Gc{jy) < Ci(u;)^^V(M)" + Calm, c, u;)K'/^'^~^^ < cx) (6.1) 

holds for each c G (1/2, 1]. 

Theorem 6.1 (m < 1 case) Let (M, cj) satisfy Ricn > and me [{n — l)/n, 1) fl 
(1/2,1). 

(i) Assume that i>{M) = 1 and Hess\l' > i^ > 0. Then we have 

«(M,.)(r)^-'"ln„(2a(M,.)(r))<-Gj„i,./. ,ifA/^r-v^') - gA (6.2) 



for allr > and 9 G [0, 2m - 1). 

(ii) Take a sequence z/j = exp^(— \l'j)a; G Vac{M,u), i eN, such that Hess\l'j > Ki and 
limj_5.oo Ki = oo. Then we have limj_>.oo o:(^M,Ui){r) = for all r > 0. 

Proof, (i) Note that z/ G Pfp(M, u) by Lemma 12751 11) and m > 1/2. We also remark that 
(16. 2p clearly holds for r < 2A/2Gm/mi^. Indeed, then the right-hand side is nonnegative 
and the trivial bound a(^M,u){i") < 1/2 implies \nm{2a(^M,u){i")) < 0. 

Suppose r > 2^/2G^nJniK, take a measurable set A C M with v{A) > 1/2 and put 
B := M \ B{A, r),a:= u{A), b := u{B), 

Xa Xb 

^A ■= — 1^, fj'B ■= -r^- 

a 

We assumed 6 > since there is nothing to prove if 6 = for all such A. Observe that 
Wi{^A, fJ's) > r as d{x,y) > r for all a; G A and y E B. The triangle inequality of Wi 
and Proposition 15.11 together imply (as Wi < W2 by the Schwarz inequality) 



r < Wi{fiA,fiB) < Wi{nA,'^) + Wi{u,fiB) < \j—Hm{liA\y) + J—H^ifiB^)- 

Note that 

1 f ma""^^ — 1 1 

mil — m) I A a™ m 
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and ma"^ "^ — 1 < since a > 1/2 > m^^^^ "^\ Thus we obtai 



am 



2 y 1-m J^ 

We observe from r > 2^j2Gm/i^K that sJmKj2r > 2\/Gm which yields < mb"^^^ — 1 < 
(26)™"^ — 1. Hence we have 

N^r - v^") - G™ < -r-ln„(26) ^ a^rfu;. (6.3) 

It follows from the Holder inequality that 

where the assumption 6 < 2m — 1 ensures {m — 6)/{l — 9)> 1/2. Therefore we obtain the 
desired inequality (16. 2p by choosing Ai G M such that limj^oo T^{M\B{Ai, r)) = a(^pi^^){r). 
(ii) Thanks to (16. ip . we know that 

limsupGc(^'j) < Gi{ujY^'^ < oo 

for all c G (1/2, 1]. Therefore we deduce from (i) with 9 = that, setting a^ := a(M,Ui){r), 

n,, / X , «r^ l-(2ai)i-'" 
-oo = lim «-'"W 2ai = - lim — ^ ^ — '-^ 

which shows limj_j,oo «« = 0. □ 

Remark 6.2 (1) Taking the proof of Lemma [2.5( 1) into account, we can generalize The- 
orem |6Tl]^ii) as follows. Suppose that a sequence {(M(,a;i, z/j)}jeN satisfies, for m G 
[(n-l)/n,l)n (1/2,1), 

(a) Ricjv > for all (Mj,a;j), 

(b) Ui = exp^{-'^i)uJi G Va,c{Mi,Ui) so that Hess\l'i > Ki and lim^^oo -f^i = oo, 

(c) supjgpj Wj(-B(xj, i?)) < oo and supjgj^area^.(S'(xj, i?)) < oo for some _R > 0, where 
Xi G Mi is the minimizer of \E'j. 

Then we have lirai^ao Ci(Mi,Ui){i^) = for all r > 0. 

(2) Taking the limit of (16. 2p as ?ti — t- 1 and then ^ — )■ 1, we obtain 



ln(2a(r))<-(^y^r-l^ + 1. 



Here limc_>i Gc = Gi = 1 follows from the dominated convergence theorem since cr'^ < 
max{o", 0"^"} G L^{M,uj) for 1/2 < cq < c < 1. Therefore we recover the normal concen- 
tration 

1 



a{r) < - exp 



^r-n +1 



2 
which is well-known to hold for (M, u) with RiCoo > K > 0. 

24 



< ig-i^r-V4+2 



Theorem I6.1( ii) is applicable to the fundamental example of m-Gaussian measures 
(see Example I2.6p . 

Example 6.3 Let {Nm{vi, Vi)}jgN C Vl^(M."-, dx) be a sequence of m-Gaussian measures 
with m &[{n — l)/n, 1) fl (1/2, 1) satisfying 

lim(detV,)(i-'")/2Ar' = oo, 

where Aj is the largest eigenvalue of Vi. Then we have limj^oo (^{K" ,N^{viyi))ij) = for all 
r > 0. Note that (detF,)^'""'^/'Ari < ^(i-m)n/2-i ^ ^-1/2^ 

Under the additional assumption that a;(M) < cxo, we further obtain the m-normal 
concentration. We first prove a computational lemma for later use. 

Lemma 6.4 (i) For any m G (1/2, 1) and a,r > 0, we have 



exp„ {-{ar- 1)^ + l) < (2m - l)i/("^-i) exp, 
(ii) For any m G (1,2) and a,r > 0, we have 

exp„ ((ar - 1)^ - l) > (^1 - 1^ 
Proof, (i) We just calculate 

exp„ ( - (ar - 1)^ + l) < exp„ f - y^' + 2J 



l/(m-l) 



1 + (m- 11 



(2m -1 



,l/(m-l) 



V + 2 



1 + (m - 11 



l/(»n-l) 



2(2m- 1) 



l/(m-l) 



exp™ 1 - yr 



< (2m-l)^/("^-^) 
(ii) We similarly find 

exp„ [(ar — 1)^ — l) > exp. 



m\ 2 2 2 



1 \a~r' — 

2 m 



??i 



1 

m 

771 



+ (m-l)(l-y )aV 



l/(m-l) 



771 



2^2 



1 H (m — l)a r 



l/(m-l) 



l/(m-l) 



l/(m-l) 



exp^ 1 —r 
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Note that the hypothesis m G (1,2) ensures that 

'm\ r, r, 2 2 

1-— aV^ > > 



2 J m m m — 1 



Corollary 6.5 (m-normal concentration) Assume that m & [{n ~ ^)/n, 1) fl (1/2, 1), 

z/(M) = 1, u{M) < oo, RicAT > and Hess\l/ > K > 0. Then we have 



(2m - l)i/(™~i) / rnK ^ 

"(M,.)(-) < ^ exp^ ^ - ^^^^y_^ r 



for all r > 0. 



Proof. Let us use the same notation as the proof of Theorem I6.1[ We deduce from the 
Holder inequality that 



m 



and, similarly, Gm < uj{MY~^. In particular, r^ > 8u;(M)^~'^/mi^ (otherwise the 
assertion is clear since (2m — l)i/(™~i) expj„(— 2) > 1) implies r^ > SGm/fnK. Therefore 
we deduce from (16.31) that 

, . _ \ / I m T<[ , \ 

~' V '-^m I ^m 



< -b-"'\nm{2b) f a"" duo < -u;(M)i-'^ln„(26), 

J B 



and hence 



a(M,u){r) < -exp. 



raK 



uj{Mf--^)/^^'^r-l\ +1 
Then Lemma [6.41 (1) completes the proof. □ 
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Remark 6.6 Note that, for m < 1, exp^(— cr^) is greater than e~^^ and is a polynomial 
of r, so that the m-normal concentration is weaker than the exponential concentration 
a{r) < Ce^'^^. This is natural and the most we can expect, because the ?Ti-Gaussian 
measures have only the polynomial decay. 

For m > 1, Lemma l2.5( iii) ensures that supp z/ is bounded. Thus ||cr||oo < oo and 
Gc{iy) < oo for all c > 0. Then the proof of Theorem I6.1( i) is applicable to m G (1,2] 
and gives the same estimate (16. 2 p for all r > and 6 G [0, 1). Furthermore, for m < 2, 
we again obtain the m-normal concentration (depending on ||cr||oo)- 

Proposition 6.7 (m > 1 case) Let (M, w) satisfy RIcat > and m G (1,2]. 

(i) Assume that v{M) = 1 and Hess\E' > i^ > 0. Then we have IW.S^ for all r > and 
^G[0,1). 
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(ii) // in addition ni < 2, then we have 

o^{M,u){r) > (^- - 1 1 exp„ ( r- 

for all r > 0. 

Proof, (i) This is completely the same as Theorem I6.1( i). since 1/2 > rn^/(^~'^') holds 
also for m G (1, 2]. 

(ii) In ([63D (with m > 1), we observe Jsa'^dcu < b\\a\\Z'^ and G„ < ||a||™-^ Note 
also that r^ > 8||(T||™~"^/mfC (otherwise ((2 — r?7,)/m)-'^/(™^-'^) exp^j(2) < 1 immediately 
gives the assertion) ensures r^ > 8Gm/rnK. These yield 



mK 

r — o" 



2 
Hence we have 



(m-l)/2\ _ ||^||m-l < _!^l-m|| lim-ll ( 2h] < W a W""^^ In (h^^) 



a(M,u){r) ^ > exp. 



loo 



i^iia— )/2,/!!^^_i 



and Lemma [6 .4^ 11) completes the proof. □ 

Note that we obtained the estimate of the form a{r) < Cexp„j(— cr^) for m < 1, while 
a{r) < C{exp„(cr^)}~^ for m > 1. This is in a sense natural because the domain of exp^ 
is (— oo, 1/(1 — m)) for m < 1 and [—l/{m — 1), oo) for m > 1. 

Remark 6.8 We deduce from Proposition I6.7( ii) that, if limj_j.oo -ft'i||c"i||^™' = oo for 
some sequence {(Mj, z/j)}jgN satisfying Hess\l/j > Ki, then we have limi^ood (Mi, Ui){r) = 
for all r > (e.g., a sequence of m-Gaussian measures {A^m(wj, ^)}igN such that 
limj_j.ooAj = 0, compare this with Example 16. 3p . This is, however, an immediate con- 
sequence of a stronger conclusion limj_j.oo diam(supp i/j) = of Lemma [23] (iii) (vahd for 
all TTi > 1). Indeed, 



diam(supp z/j) < -p—i — inf \1/ 



IrT'll™"^ 



Ki\m — 1 Mi J Ki m — 1 

7 Gradient flow of Hr 



-m 



In this section, we show that the gradient flow of the m-relative entropy produces a weak 
solution to the porous medium equation (m > 1) or the fast diffusion equation (m < 1). 
This kind of interpretation of evolution equations has turned out extremely useful after 
the pioneering work due to Jordan et al. |JKO] . There are several ways of explaining this 
coincidence (see, e.g., |JKO] . |AGS] and |Vi2t Chapter 23]), among them, here we follow 
the rather 'metric geometric' approach in |Ohl] . To do this, we start with a review of 
the geometric structure of the Wasserstein space and the general theory of gradient flows 
in it in accordance with the strategy in jOhl] (see also [GO] ) . Throughout the section, 
(M,5f) is assumed to be compact, so that V'^{M) = V{M) and a e L"'{M,uj). 
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7.1 Geometric structure of {V{M),W2) 

We briefly review the geometric structure of (V{M), W2). It is known tliat (P(M), W2) is 
an Alexandrov space of nonnegative curvature if and only if (M, g) has the nonnegative 
sectional curvature ( |St2| Proposition 2.10], |LV2| Theorem A.8]). In the case where (M, g) 
is not nonnegatively curved, although {V{M),W2) does not admit any lower curvature 
bound ( |St21 Proposition 2.10]), we can show the following (see also |Ohlt Theorem 3.6]). 

Theorem 7.1 ( |Gil Theorem 3.4, Remark 3.5]) Given fx G V{M) and unit speed geodesies 
a, /3 : [0, 6) — )■ V{M) with a(0) = /3(0) = /i, the joint limit 

s,t^o 2st L ' J 

exists. 

Theorem 17.11 means that an angle between a and /3 makes sense, so that {V{M), W2) 
looks like a Riemannian space (rather than a Finsler space), and we can investigate its 
infinitesimal structure in the manner of the theory of Alexandrov spaces. For /i G V{M), 
denote by T,'^[P{M)] the set of all (nontrivial) unit speed minimal geodesies emanating 
from /i. Given a, /3 G T,' [P{M)], Theorem 17.11 verifies that the angle 

. , n. ( . S'' ^t^ -W2{(x{s),mf\ , ^ 

Z^(a,/3) := arccos lim ^^^ ^ '''^ '' G [0,7r] 



^ s,t^o 2st 

is well-defined. We define the space of directions (S^[P(M)], Z^) as the completion of 
(E^P(M)]/~, Z^), where a ~ /3 holds if Z^(a, (3) = 0. The tangent cone {C^[P{M)], a^) 
is defined as the Euclidean cone over (S^['P(M)], Z^), i.e., 

C,[V{M)] := ( S^[P(M)]x[0,oo))/(S^[P (M)] x {0}), 

(7^((a,s), (/3,t)) := ys^ + t^ - 2stcosZ^(a, /3). 

Using this infinitesimal structure, we introduce a class of 'differentiable curves'. 

Definition 7.2 (Right differentiability) We say that a curve ^ : [0,/) — > V{M) is 
right differentiable at t G [0,/) if there is v G C^(t)[P(M)] such that, for any sequences 
{ejjigN of positive numbers tending to zero and {ajjjeN of unit speed minimal geodesies 
from^(t) to^(t+£i), the sequence {(ttj, iy2(CW,^(^+^j))M)}ieN C C^{t)\P{M)] converges 
to V. Such V is clearly unique if it exists, and then we write ^(t) = v. 

7.2 Gradient flows in (P(M),iy2) 

Consider a lower semi-continuous function / : V{M) — )■ (—00, -|-oo] which is K-convex 
in the weak sense for some K &M.. We in addition suppose that / is not identically +00, 
and define V*{M) := {/i G V{M) \ f{fj,) < cx)}. 
Given /x G P*(M) and a G S^[P(M)], we set 

S;,[P(M)]3/3^«t^0 t 

28 



Define the absolute gradient (called the local slope in |AGSj ) of / at /i G V*{M) by 

|V-/|(/i) :=max|o,limsup ^^^\~^ifU . 

Note that -DJ{a) < |V_/|(/i) for any a E S^[P(M)]. 

Lemma 7.3 ( |Ohll Lemma 4.2]) For eac/i /i G V*{M) with < |X7_/|(/i) < oo, i^/iere 
exists unique a G S^[P*(M)] satisfying D^f{a) = — |XL/|(/i). 

Using a in the above lemma, we define the negative gradient vector of / at /x as 

V_/(^):=(a,|V_/|(/i))GC^[P(M)]. 

In the case of |XL/|(/i) = 0, we simply define V-/(/i) as the origin of C^[P(M)]. 

Definition 7.4 (Gradient curves) A continuous curve ^ : [0,/) — > V*{M) which is 
locally Lipschitz on (0, /) is called a gradient curve of / if | V_/| (.^(t)) < oo for all t G (0, oo) 
and if it is right differentiable with ^(t) = 'W-f{^{t)) at all t G (0, /). We say that a gradient 
curve ^ is complete if it is defined on entire [0, oo). 

Theorem 7.5 f jOhTl Theorem 5.11, Corollary 6.3], [GOl Theorem 4.2]) 

(i) From any fx G V*{M), there starts a unique complete gradient curve C, '■ [0, oo) — )■ 
V*iM) offwzthm = f^- 

(ii) Given any two gradient curves ^,( '■ [0, oo) — )■ V*{M) of f , we have 

W^imXit)) <e-^'W,{mX{0)) (7.1) 

for all t G [0, oo). 

To be precise, the uniqueness in (i) is a consequence of the ii"-contraction property 
(17J|) . Therefore the gradient flow G : [0, oo) x V*{M) — > V*{M) of /, given as G(t, /i) = 
^(t) in Theorem 17. 5( i). is uniquely determined and extended to the closure G : [0, oo) x 
V*Im) — > V*{M) continuously. 

7.3 m-relative entropy and the porous medium/fast diffusion 
equation 

We recall basic notions of calculus on weighted Riemannian manifolds (M, uj) with uj = 
e~^volg. For a C"*^- vector field V on M, we define the weighted divergence as 

div<^1/:=div1/-(1/,VV^), 

where divV^ denotes the usual divergence of V for (M, volg). Note that, for any / G 
C\M), 

f {Vf,V)dco= f {Vf,e-'^V)dYo\g = - f fdw{e-'^V)dvo\g 
Jm Jm Jm 

/div^ V du. 



M 
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For / G C^{M), the weighted Laplacian is defined by 

A-/:=div^(V/) = A/-(V/,VV'). 

Then it is an estabhshed fact that the gradient flow of the corresponding relative entropy 
(or the free energy) 

Ent^(pa;) = / p\npdu= / {pe'"^) \n{pe~^) dvolg + / ^jj dp 
Jm Jm Jm 

produces a solution to the associated heat equation (or the Fokker-Planck equation) 

^ = A"p = e^{A{pe~^) + div ((pe~^)V^) }. 

See [JKOl Theorem 5.1], |ViH Subsection 8.4.2] for the Euclidean case, |Ohl|. Theo- 
rem 6.6], |G0| Theorem 4.6], |Vi2| Corollary 23.23] for the Riemannian case, and [OSlj 
Section 7] for the Finsler case. 

We shall see that a similar argumentation gives a weak solution to the porous medium 
equation for m > 1 or the fast diffusion equation for m < 1 (with drift) of the form 

^ = -A-(p-) + div.(pVvl/) (7.2) 

ot m 



as gradient flow of the m-relative entropy Hm{-\i^)- This is demonstrated by Otto |0t] for 
the Tsallis entropy as well as ifm(-|A^m(0, c/„)) with respect to the m-Gaussian measures 
A^m(0,c/„) on (M'^,(ix), and by Villani [Vi2t Theorem 23.19] on weighted Riemannian 
manifolds in a different way of interpretation from ours. Here we present a precise proof 
along the strategy of [Ohlj . |G0] . Recall that z/ = exp„(— \E')u;. 

Theorem 7.6 (Gradient flow of Hm) Let {M,g) be compact, m G {{n — l)/n, 1)U(1,2] 
and \E' be Lipschitz. If a curve (pi)tg[o,oo) C Va.c{M,ijj) is a gradient curve of Hm{-\i^), 
then its density function pt is a weak solution to the porous medium or the fast diffusion 
equation ( |y.g| ). To be precise, 

h.dpt,- [ <f>todpto= r [ \^ + -pT-'^''<f>t + ^-^{V<f>uV{a"^-'))]dp,dt 
M Jm J to Jm I ot m m — i j 

(7.3) 
holds for all < to < ti < oo and (j) G C°^(M x M), where pt = Pt^, 4't = <P{t, ■). 

Proof. Fix t G (0, oo) and, given small 5 > 0, choose p^ G V{M) as a minimizer of the 
function 

p I — > H^[p\u) + — . 

We postpone the proof of the following technical claim until the end of the section. We 
remark that the hypotheses m > {n — l)/n and m < 2 come into play in the proof of 
Claim rrTT i) and (iii), respectively. 

Claim 7.7 (i) Such p^ indeed exists and is absolutely continuous with respect to u. 
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(ii) We have 

lim^^^^^^ = 0, limif^(/iV) = HUptW). 

(5-5-0 26 5^-0 

In particular, n^ converges to fit weakly. 
(iii) Moreover, by putting fi^ = p^u, (p"^)™ converges to p™ in L^{M,u). 

Take a Lipschitz function ip : M — )• M such that T(x) := exp^{'Vip{x)) gives the 
optimal transport from fi^ to p^. We consider the transport pf := {J^^)f^fj,^ in another 
direction for small e > 0, where J^elx) := exp2_.(£V0i(x)). It immediately follows from the 
choice of p*^ that 

if^(pJz/) + — >Hm{fiW) + ^ . (7.4) 

We first estimate the difference of distances. Observe that, as (J-'e x T)^ii^ is a (not 
necessarily optimal) coupling of pf and pt^ 

y W2{pi,Pt?-W2{p',Ptf 

lim sup = 

<limsup- / {c/(j^£(x), T(x)) — (i(x,T(x)) } (ip'^(x) 

e-i-O £ J M 

2{V(Pt,V^)dfi^. 



' M 

We used the first variation formula for the distance d in the last line (cf. |Ch[ Theo- 
rem II.4.1]). Thanks to the compactness of M, there is a constant C > such that 

0t(r(x)) < M^) + (V0t(x), v<^(x)) + cd(x,r(x))'. 

Thus we obtain, by virtue of Claim ITTTl fii) . 

lim inf 1 lim sup ^M, P^f ' W,{,\ ptY ^ _ ^^ ^^^ 1 f ^^^^^ ^^^ ^^s 

s^o 2d £-40 e s~>o J^ 



< lim inf - 

<5^0 6 



[ {<Pt-MT)}dp' + CW2{p',ptf 



liminf-<^ / (ptdjj,^ - / (ptdpt}. 
•5^0 d [ Jm Jm 



Next we calculate the difference of entropies in fl7.4p . We put p*^ = p^u, pf = p^u 



and J^ := e^ '^'•■^''•*det(DJ-'£). Then we obtain from the Jacobian equation pf(J^e)J^ = p^ 
(Theorem ElO]) that 



H^{pi\u) -I f a"'dco= ^ [ {{ptr-' - ma--'} dpi 

m Jm m{m - 1) J^ 



X 




/ {ptiJ'er-' 

Jm 


m{m - 
1 


-1) 


m{m - 


■1) 


/mIvj^; 



-ma(j;)'"-^} V 
-m(T(j;)™~H V 
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Thus we have 



i7^(/iV) - i/™(^> 



1 



(p^)— i|l _ (J-)^-'"} - mia""-' - a{Ter-'} V- 



.<5 



m{m - 1) Jm 
Note that, as det(i5J-o) = 1, 

hm = hm = trace(Hess0() — (V0t, \/ip) 

£-s-0 5 e-*-0 £ 

Hence we obtain, together with Claim rTTT iii). 

= / (-(/r-^A-0, + ^-(V0„V(a"^-^))|t// (7.5) 

as 5 tends to zero. 

These together imply 

hminfij / 0,rf/- / ct>tdii\> I /lp™-iA-0, + ^-(V0t,V(a™-i))lrf/i,. 
^^0 ^ I Jm Jm ] Jui'm m-l J 

Moreover, equality holds since we can change (f) into —0. Recall from |G0| (4)] (see also 
[QhTj Lemma 6.4]) that 

lim ^l I h diit+s — / hda } = ^ 
•s^o ^ I Jm Jm J 

holds for all h G C°°(M). Therefore we conclude 

lim - <^ / 0t+5 d^it+8 - (pt dfit \ 
^^0 I Jm Jm J 

= lim -<^ / (0t+5 - (t)t) dfit+s + (pt dfit+5 - 4>t dfit > 
-5^0 d [ Jm Jm Jm J 

as desired. □ 

Remark 7.8 In Theorem 17. 6^ assuming fit is absolutely continuous is redundant. For 
m > 1, Hmifi'tW) < c>o immediately implies fit ^ 'Pac{M,ijj). For m < 1, if fit with t > 
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has a nontrivial singular part /i'', then the modification of /ij as in the proof of Claim [TTT i) 
with n^ = fit gives a measure ftr G Vi^dM, u) for small r > such that 

with C > 0. As ra(l — m) < 1, these yield |V_i;f^(.|zy)|(^^) = oo as r goes to zero, which 
contradicts the definition of gradient curves (compare this with ^AGSl Theorem 10.4.8]). 

Recall from Theorem 14 . 1 1 that the entropy Hm{-\i^) is K-convex if (and only if) RIcat > 
and Hess "$ > K. Combining this with Theorems 17.51 17.61 we obtain the following. 

Corollary 7.9 Suppose that (M, g) is compact and Mq is convex. Then the weak solution 
(/it)f(=[o,oo) C Vac{Mo,u)) to the porous medium {or the fast diffusion) equation (17. 2p con- 
structed in Theorem \7.6\ enjoys the K -contraction property ( |7.ip under the assumptions 



RicAT > and Hess "$ > K on Mq. 



The argument in the proof of Theorem 17.61 also shows that the absolute gradient of 
ifm(-|z/) at /i coincides with the square root of the m-relative Fisher information introduced 
in (15. 2p . for general m. Compare this with Theorem 15.21 

Proposition 7.10 Take m & [{n— '^)/n, 1) U (1, oo) and fi = pu & Vac{M,u) such that p 
is Lipschitz. For any {d'^ /2) -convex function if : M — > M and the corresponding transport 
fit := iTt)ifi' with Tt{x) := exp^itVipi^x)), t > 0, it holds that 

hm Hmif^^l-) - HM-) =^[ (V(p-- - a-% V^) dfi. 
t^o t m-lAf 



In particular, we have \V-[Hm{-\i^)\\{fi) = y'ImitJ'W) Oind, z/ |V_[iJm(-|i/)]|(/i) < oo, then 
the negative gradient vector 'W-[Hm{-\i')\{ff) is achieved by 

v<^ = -v^^ -. — 

\ m — 1 

Proof. Recall that (p is twice differentiable a.e., and that fit is absolutely continuous for 
t < 1 ( |Vi2t Theorem 8.7]). Using the calculation deriving (17. 5p . we obtain 

J. Hmifl\u) -~Hra{flt\v) 

t^o t 

-p^-'N^^ + ^-(V^, V(a™-i)) 1 dp 
M \^rn m-1 J 



-(V(p'"), V^) - 3^(V^, V(a™-^)) } du 
1 



M I ^^ m — 1 



m 



(V(p-^-a™-^),V^)d/.. 



'M 

As any geodesic with respect to W2 is realized in this way (Theorem 12. 8p . we have 
|V_[i7^(»]|(p) = /Ua^R and, if |V_[i7„(»]|(p) < 00, 



■m—l _m— 1 

\/4HU-W)]{f,) = -w '/ 

fit 
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Remark 7.11 The family of ?7i-Gaussian measures (Example 12.61) is closely related to 
the Barenblatt solution to fl7.2p (without drift), and again has a role to play here. On the 
unweighted Euclidean space (M."-,dx), it is known by [OWt Proposition 5] that a solution 
to (17.21) starting from an m-Gaussian measure will keep being ??i-Gaussian. An explicit 
expression of such solutions is given in |Ta2] . 



7.4 Proof of Claim [72] 

(i) The existence follows from, as usual, the compactness of V{M) and the lower semi- 
continuity of iJm(-|z/) (Lemma 13.41) . The absolute continuity is obvious for m > 1. 

For m < 1, decompose fi^ into absolutely continuous and singular parts ^^ = pco + ii^ 
and suppose fi^{M) > 0. We modify /i*^ into fir G Vsjc{.M,uj) as 

dfiJx) = pJx) duoix) := < p(x) + / J^f — -^ dp^iy) \duoix) 

I JM^{B[y,r)) } 



for small r > 0. Then we find 



,m— 1 J , ,5 



M J M JM 



(^{y) 



m— 1 



(T™-^ du 



dfi'iy) 



< [ a™~^rf/+|sup|V(a™'^)|-r|/i^(M). 
Given an optimal coupling tt = tti + 7r2 of p^ and pt such that (pi)tj7ri = pco and {pi)^n2 

/^^ 

dTTrix, z) := d'Ki{x, z)+ I fj;'' — TT duj{x)d'iT2{y, z) 

JyeM^[B[y,r)) 

is a coupling of pr and pt- Hence we observe 

W2{pr,Ptf < / d{x,zfd'Ki{x,z)+ / {d{y,z)+rYdTi2{y,z) 
Jmxm Jmxm 

< / d{x,z)'^dTT{x,z) + {2diamM + r}rTT2{M X M) 

JmxM 

< W2{p\ ptf + {3 diamM ■ r}p'{M). 
Finally, it follows from the Holder inequality that 

M^' JM[JM\f^'{M)^uj{B{y,r)) 



dp\y) 



duj{x) 



> p"{M) 



m—l 



P{x) XB{y,r){x) 



[J,j{p^{M) uj{B{y,r)) 



s f ]\ j\m—l 



> p\M) 



M 



M \. J M\B{y,r) 



dp'{y) 



du{x) 



p'{My 



du + 



B{y,r) ^{B{y,r)y 



du >dp'^{y) 



p™t/w-/i^(M)"M / p"'duj]dp'{y) 

M Jm V J B{y,r) 



, 1— m 



+ p\My--^ I uj{B{y,r)y~"'dp\y). 

<M 



34 



As M is compact, we find 



JM 



and, for all y G supp/i^, 

J Biv.r) JBiv.r) 



B{y,r) JB{y,r) 

m / f, \ 1—m 

ra—l 



V ifife.r) / V JB(y,r) 

<( [ pa^'-Uu] C2(u;,a,m)r"(i-™). 

V JBiy,r) J 

Since linir^o ^'^PyeM Ib( r) P^^~^ ^^ = 0) tliese imply for small r > 

pTdu> [ p'"dw + ^Ci(a;,m)/i^(M)™r"(i-™\ 

M JM 2 

Combining tliese, we conclude that 

HmiPrW) + ^ H,r,{p W) ^ 

< -Csiuj, m)/i^(M)"^r'^(i-'") + C^iM, a, m, 6)p'{M)r, 
where C3, C4 > 0. Then n{l - m) < 1 and p%M) > yield that 

H^{pr\i^) H — < H^{p |z/) H — 

holds for small r > 0. This contradicts the choice of p^, therefore we obtain p^{M) = 0. 
(ii) By the choice of p^, we have 

H.m[p \v) H — < HmiptW) 

which immediately implies lims^o W2{p^ , pt)^ < lims-^o '^^HmiptW) = 0. Thus p^ con- 
verges to pt weakly, and hence 

limsup — p < Hmipt\i^) — \iiaini Hm{p \i^) < 

5^0 2o <5-i>0 

by the lower semi- continuity (Lemma 13.41) . This further yields 

HmifJ'tW) < liminf i:f„(/i'^|z/) < lim sup i^m(/iV) < Hm{ptW), 
<5->0 s^o 

where the last inequality follows again from the choice of p^. 

(iii) This is a consequence of the following general lemma. <C> 
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Lemma 7.12 Assumem G [(n — l)/n, 1)U(1,2] and that a sequence {/ijjigN C Vac{M,u) 
converges to fi E Va,c{.M, uj) weakly as well as limj_^oo -f^m (/Uj I '^) = -f^ml/^l^^) < oo. Then, 
by setting /i, = piuj and jj, = pu, p™ converges to p™ in L^{M,uj). 

Proof. Note that the convergence of Hm{pi\i^) ensures hnij^oo f^j pT doJ = jj^ p™ du. We 
shall show the following: 

(*) For any constant C > 0, it holds limj_^oo || min{pi, C} — min{p, C}\\l2(^j^^^^ = 0. 

Then we have, for m < 1, 



pT-p"'\duj< / \p^-prduj<uj{My~"'( / \p^-p\duj 



and 



\pi - p\ du 

M 

< / [I min{pj, C} — min{p, C}| + max{pj — C, 0} + max{p — C, 0}] (io; 
Jm 

as i — )■ oo and then C — )> oo. Precisely, 



max{pj — C,0} du = / {pi — min{pj, C}) rfcu — )■ 1 — / min{p, C} du {i — )■ oo) 

M J M Jm 

where (*) is used when taking the limit as i — ?■ oo. For m G (1, 2], we similarly find 

pf - p™-\ du < m j \pi- p\ max{pj, p}™""^ du 

M Jm 

/ p \ 1/™ / p \ (m-l)/m 

<m( y \p,-prdu\ U {p. + py-duj , (7.6) 

and 

\pi- pl'^du 



M 
< 



2™-^ f [\ min{p„ C} - min{p, C}]™ + max{p, - C, 0}" + max{p - C, 0}"] rfw 



^0 

as i — 7- oo and then C — ?> oo. Indeed, 



f max{p, - C, 0}" du= [ {pi - min{p„ C})" du < [ (p™ - min{pi, C}") du 
Jm Jm Jm 



-^ / (p" - min{p, C}") rfw (i^oo) 
^0 (C^oo), 
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where we used the calculation as in fl7.6p and (*) to see 

lim / \mm{pi,C}'^-mm{p,C}"'\duj = 0. 

To show (*), we suppose that it is false. Then there are some constants C,e > and 
a sequence {^j}jeN C N going to infinity such that 

II min{p,C} - ram{pi^,C}\\L2(^M,L,) > e (7.7) 

for all J e N. Note that, as dPlf^/mim - l)]/dt^ = f-^, 

I \ m „m _i „m r -i rn—2 

P + PiA ^ P ^ Ph niax|p,pij"' ^ 



< ■■ ^— ' \p - pu 



m{m — 1) V 2 / 2m{m — 1 

For the second term, we observe 

max{p, pi^r-'\p - pi^ P > C"^- Vin{p, C} - min{p,^,, Cjl^. 

This is clear if max{p, p; , } < C or min{p, p;,} > C, and follows from r™'~^(r—£:)^ > [l—e] 
for r > 1 > e otherwise. Thus we obtain, by (17. 7p . 

I \ ITT- 



2 



'm{m — 1) J j^j \ 2 

- / ^r^ TT^^ ^ mmjp, C| - mmjpi , Cj du 

Jm 2m{m -1) 8 Jm 

< / : '—du e. 



iM '2m{m — 1) o 

This means that pj := {(p + pi^)/2}u satisfies 

rym—2 f^m—2 

limsupif^(pj» < lim H^{pi\v) ^e^ = H^{p\v) ^£^^ 

this contradicts the lower semi-continuity of Hm{-\v) (Lemma l3.4p . □ 

8 Finsler case 

We finally stress that most results in this article are extended to Finsler manifolds, accord- 
ing to the theory developed in |0h2] . |0S1] (see also a survey |0h3] ). Briefiy speaking, a 
Finsler manifold is a differentiable manifold equipped with a (Minkowski) norm on each 
tangent space. Restricting these norms to those coming from inner products, we have 
the family of Riemannian manifolds as a subclass. We refer to |BCS] , |Sh] for the basics 
of Finsler geometry, and to |0h2] . |OSlj . |0h3j for the details omitted in the following 
discussion. 

A Finsler manifold (M, F) will be a pair of an n-dimensional C°°-manifold M and 
a C°°-Finsler structure F : TM — )■ [0, oo) satisfying the following regularity, positive 
homogeneity, and strong convexity conditions: 
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(1) F is C°° on TM \ 0, where stands for the zero section; 

(2) F{\v) = \F{v) holds for all v e TM and A > 0; 

(3) In any local coordinate system (a;*)"^^ of an open set U G M and the corresponding 
coordinate v = Yli v^{d/dx'^)\x of T^M with x & U, the n x n-matrix 



is positive-definite for all v G T^M \ and x & U. 

Then the distance d, geodesies and the exponential map are defined in the same manner 
as Riemannian geometry, whereas d is typically nonsymmetric (and not a distance in 
the precise sense) since F is merely positively homogeneous. Nonetheless, d satisfies the 
positivity and the triangle inequality. 

On a Finsler manifold {M,F), there is no constructive measure as good as the Rie- 
mannian volume measure in the Riemannian case (cf. |0h4] ). but we can consider an 
arbitrary positive C°°-measure a; on M and associate it with the weighted Ricci curva- 
ture RicAT ( |0h2] ). This curvature turns out extremely useful, and the argument in |0h2] 
is applicable to generalizing the whole results in Sections HHH] to the Finsler setting. (We 
need a little trick only in Proposition 15. 4[ put /x = (1 — ef)auj when ?ti < 1 to have 
V[((l - e/)™"^ - l)a"^^] = V[(l - m)/e(T™-i] = (1 - m)eV(/(T'"~i).) 

Theorem 8.1 Let {M,F) be a forward complete, connected Finsler manifold and u be a 
positive C°° -measure on M . Then the following results in this article hold true also for 
{M,F,u) {with appropriate interpretations for the nonsymmetric distance, cf. |0h2j ): 

• Equivalence between the convexity of Hm{-\i^) and a curvature bound {Theorem 4-l)'i 

• Functional inequalities ( Propositions \5. li 5.4, Theorem \5.S^ : 



• Concentration of measures { Theorem \6.1\ Corollary \6.^ Proposition \6.7^ . 

As for Section [TJ due to the lack of the analogue of Theorem I7.H we can not directly 
follow the Riemannian argument. Nonetheless, we can apply the discussion in |USlj using 
a (formal) Finsler structure of the Wasserstein space, and obtain results corresponding 
to Theorem 17.61 and Proposition 17.101 The point is the usage of the structure of the 
underlying space M, while we did not explicitly use it in Subsections I7.1[ 17.21 See |OSH 
Sections 6, 7] for further details. We remark that, however, the /^-contraction property 
(17. ip essentially depends on the Riemannian structure and can not be expected in the 
Finsler setting (cf. [OSS]). 

Let (M, F) be compact from now on. Due to Otto's idea |Otl Section 4], we introduce 
a Finsler structure of {V{M),W2) as follows. Given /i G V{M), we define the tangent 
space {Tf/P, Fw{fi, ■)) at fi by 

Fw{fi, V(^) := ( / F{Vipy rf/i j for ^ G C^{M), 



T^V:= ({V¥^|(/.gC-(M)},Fh.(/x, 
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where the gradient vector V(f{x) G T^M is the Legendre transform of the derivative 
Dip{x) G T*M, and the closure was taken with respect to Fw{fi,-). We remark that 
the gradient V is a nonhnear operator (i.e., V{ipi + f2){x) 7^ Vipi{x) + Vv?2(a;) and 
V{—ip){x) 7^ —Viplx) in general), since the Legendre transform is nonlinear unless F\t^m 
is Riemannian. 

Now, we take a locally Lipschitz curve {fJ't)tGi C {V{M),W2) on an open interval 
/ C M. We can associate it with the tangent vector field fit = $(t, ■) G T^^P, that is, 
$ is a Borel vector field on / x M with ^{t,x) G T^M and F(<l>) G L'^^{I x M,dfitdt) 
satisfying the continuity equation d^t/dt + div($iyUt) = in the weak sense that 

// {^ + ^<^*('^*)}^/^*^^ = (8.1) 

holds for all (j) G C~(/ x M) f jAUSl Theorem 8.3.1], [OHTl Theorem 7.3]). Using these 
'differentiable' structures, we can consider gradient curves in a way different from the 
'metric' approach in Section [71 

Definition 8.2 Given a function / : V{M) — )■ (—00, 00] and /x G V{M) with /(/i) < 00, 
we say that / is differentiable at /i if there is $ G T^V such that 



^^ fiiW - /M ^ I ^^^)(^^) ^^ 



holds for all if G C^iM), where 7;(x) := exp^(tVv?) and C : T,M — > T*M stands for 
the Legendre transform. Then we write Vvi//(/^) = ^• 

Then a gradient curve should be a solution to /it = Vh/[— -f^m(-|'^)](Ait)- We first show 
that Vh/[— -ffm(-|i^)](/^t) is described by the Fisher information like Proposition 17. 101 

Proposition 8.3 Take fi = pu e V^{M,uj) with p"^ G H^{M,uj). If p""'^ - cr"""^ ^ 
H\M,p), then -if^(» is not differentiable at p. If p^'^ - a"^^^ G H^[M,p), then 
— iif^(-|z/) is differentiable at p and we have 

Proof. Fix arbitrary (y9 G C°°(M) and put 7t(x) := exp^.(tVv?(a;)), yU^ = ptU := {lt)^p 
for sufficiently small t > 0. Then the Jacobian equation p = pt(Tt)3':^ holds yU-a.e. ( |0h2t 
Theorem 5.2]), where Jt{x) stands for the Jacobian of DTt{x) : T^M — > T'ji{x)M with 
respect to u. Thus we obtain, as in the proof of Theorem 17. 6[ 

HmiptW) = H,Mu) + . ^ . / [p'"-i{(jn'-"^ - 1} + m{a'"-i - a(7;)'"-^}] dp. 

m[m — I) J]^j 

We observe, as p™ G II^{M,uj), 

lim / ^-^ p"" du = (l- m) lim / ^ p"" du 

= (1 - m) lim I P^ ~ P^'^'l :i^^ duj = {m-l) I D(p™)(Vv?) du 

= m f D{p"'-'){Vip)dp, 

J M 
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and hence 



This yields 



hni 

i-i-O 



Hm{fi\l^) - HmifitW) 



^m— 1 _m— 1 " 

D\(^ l(Vvp)rf/i. 



M 



I — m 



Vty[-/7„(»](/i) = V 



,m— 1 



a 



m— 1 



1 — m 

provided that p^^^ - a""-^ G H\M,fi). Suppose p""'^ - a"^-^ ^ H\M,fi). Note 
that p"^'^ — cr™"^ G L'^{M,^) since p'" G L'^{M,uj) and M is compact, thus we find 
F(V(p™-^ - or™-^)) ^ L^{M,p). Therefore we obtain 

Hm{p\v) - H^{p\v) 
hmsup -— — = cx) 

by approximating p™"^ — o"'"^^ with G C°^(M) and choosing y9 = 0/(1 — m). Hence 
-f^ml'l'^) is not differentiable at p. □ 

Theorem 8.4 Let {pt)te[o,oo) C Vac{M,u) be a continuous curve that is locally Lipschitz 
on (0, oo), and assume that pt = Pt^ satisfies pj" G H^{M,uj) as well as p^^^ — a"'^^ G 
H^{M,pt) for a.e. t G (0,oo). Then we have 

At = Vw[-Hm{-\v)\{Pt) 

at a.e. t & (0, oo) if and only if {pt)telo,oo) is a weak solution to the reverse porous medium 
{or fast diffusion) equation of the form 



dp 

9^ = -^"^ 



pV 



^m—l 



a 



m—l 



m 



(8.21 



Proof. If pt = 'Vw[—Hm{-\i^)]{pt) holds for a.e. t, then Proposition 18.31 yields 

'in— I ' 



t^t 



pT-' 



a 



1 — m 



a.e. t. 



Thus it follows from the continuity equation (18. ip that 



dt 



- dptdt 



Pt 



m—l 



a 



m—l 



\ — m 



dptdt 



'0 JM ^'^ Jo JM 

for all G C;?°((0, oo) x M). Therefore pt weakly solves flOjl . 

Conversely, if pt is a weak solution to (18. 2 p , then the same calculation implies that 



$t = V 



Pt 



»n— 1 



a 



m—l 



\ — m 



U 



satisfies the continuity equation (18. ip . Therefore Proposition 18.31 shows pt = ^t 

Vw[-Hm{-W)]{pt). 

We meant by the 'reverse' porous medium (or fast diffusion) equation the equation 
with respect to the reverse Finsler structure F (v) := F{—v). As the gradient vector for 
F is written by vm = — V(— u), (18. 2p is indeed rewritten as 



dp 

m 



div„ 



,^ 



^m— 1 



m 



a 



m—l 
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